Abstract: According to the advantages of the precise point positioning (PPP) and the double-differenced (DD) model based algorithm, a new method for the integration of DD integer ambiguity resolution into PPP is presented. This method uses the undifferenced ambiguity estimated with PPP computation and the DD ambiguity generated from the DD model based algorithm to realize the PPP ambiguity fixing. In the presented method, the selection of the undifferenced ambiguity bases on the ratio test of the DD ambiguity and the ratio values based weight is used in PPP processing. This ensures the quality of the used undifferenced ambiguity. To validate the presented method, two experiments are implemented using the ten days (11 to 20 August 2014) data from local and regional reference stations and the moved two receivers. The results of the presented strategy show that improvements are achieved in all three coordinate components. The 1-h, 2-h, and 4-h PPP results indicate that the mean relative improvements were about 19%, 18%, and 15% for north, east, and up components. These results also show that prominent improvements of 29%, 31%, and 25% for north, east, and up components were obtained when the ratio values based weight was used. The application of the presented method in the displacement monitoring was implemented with the experiment and it showed that the PPP estimation computed with the presented strategy benefits local or regional displacement monitoring and improves the detecting ability for displacement.
Introduction
It has been more than twenty years since precise point positioning (PPP) was proposed in 1997 [1] . Precise point positioning has been demonstrated as a valuable technique for single stations positioning over continental and even global scale [2] [3] [4] [5] [6] . It has been considered as an effective tool for precise orbit determination of low Earth orbiting [7] , real-time water vapor estimation [8] , and determination of earthquake magnitude [9, 10] . Precise point positioning can provide the coordinates with respect to a global reference frame (defined by the satellite orbits and clocks) so that its result cannot be affected by the displacement of the localized infrastructure. However the PPP ambiguities are iteratively estimated together with coordinate components, receiver clock, and tropospheric delay. The qualification that the iteration stops are based on analysis of the post-fit residual, if no more cycle slips or bad data are found. The estimated PPP ambiguity has not a natural integer feature but is the mixture of the integer ambiguity and the phase delay bias originating in the satellite and receiver. The PPP ambiguity cannot be fixed to an integer value so that the ambiguity fixing method is not used. One of the contributions of the ambiguity fixing method to the ambiguity resolution is that it provides a criterion used to assess quality of the ambiguity. There lacks assessment of the ambiguity quality in the traditional PPP. This lack is bad for the PPP positioning accuracy and convergence time. To shorten the convergence time and improve the accuracy of PPP, PPP ambiguity fixing is studied and implemented [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . These PPP ambiguity fixing methods include: focusing on estimation of fractional cycle bias (FCB) [14, 15] ; improving the satellite clock products which absorb the satellite FCB [12, 13, 17, 18] ; using S-transformations, the undifferenced ambiguity of the user are fixed and resolved [19, 22] . The estimation of the FCBs of the wide lane (WL) and reformed narrow lane (NL) ambiguities are usually based on the observations of the reference network and a set of complex methods [14, 15, 23] . In FCB estimating, it is necessary to obtain the high-quality WL and the ionosphere-free combination (IFC) ambiguities from the reference stations. Considering the time-varying characteristic of the NL FCB, the NL FCB is estimated with a step-size of 15 min [14] . For a PPP user, the products of FCBs are used to recover the integer property of PPP ambiguity. However, it still takes approximate 15~20 min to achieve the first integer ambiguity solution. In order to further shorten the PPP initialization time, the regional reference network augmented strategy was presented [8, 16, 23] . In these strategies, the ionosphere and troposphere delays of the PPP user are provided through interpolating the retrieved ionosphere and troposphere delays of the regional reference stations. Therefore, the estimated parameters are reduced to strengthen the geometry of the solution and realize the fast initialization of PPP positioning.
Different from these PPP strategies, all the common satellite and receiver errors are removed in the double-differenced (DD) model. The DD algorithm has the advantages of the fast convergence of the estimated parameter due to good integer characteristic of the DD ambiguity. However, the relative position (coordinate difference) is estimated and easily affected by the displacement of any one of the used receivers in DD algorithm. This limits the application of the DD algorithm, for example in earthquakes [10] . Thus, the displacement is generally monitored using the PPP results [24, 25] . It is very meaningful and useful, if the advantage of the DD algorithm is used to improve the PPP ambiguity resolution (AR). Based on this consideration, a new strategy for introducing the DD integer ambiguity resolution into PPP processing is presented to obtain the high-precision PPP coordinate estimations. The introduction of the DD integer ambiguity resolution into PPP includes: (1) DD ambiguities are estimated based on the DD observations generated by the reference and user stations or two users stations; (2) undifferenced and satellite-differenced (SD) ambiguities (IFC and WL ambiguities) are generated based on WL observation and PPP computation; (3) the DD, SD IFC, and WL ambiguities are introduced in PPP. After the three steps mentioned above, the PPP ambiguity is fixed through fixing of the DD ambiguity. Using this strategy, the high-precision PPP coordinate of reference station and user or two users are obtained. In the following, the "Mathematical Models" Section introduces the method for integration of the DD integer ambiguity resolution into PPP. "Data and Experiment" and "Discussion" sections indicate the data analysis and discuss the results. Finally, the "Conclusions" Section summarizes the main findings.
Mathematical Models
Assuming that the residual errors of satellite orbit and clock are neglected, the SD phase ionosphere-free combination (IFC) at the user of u can be written as following:
where the superscript k and i represent tracking satellites of the user u; L k,i is the SD IFC phase observation; ρ k,i is the SD geometric range between receiver and satellite; N k,i c,u is the SD IFC ambiguity and its wavelength is λ c ; b k,i c is the SD IFC satellite FCB; T k,i is the tropospheric delay; ε k,i is the SD noise of phase observation. Equation (1) shows that the satellite FCB is absorbed by the SD ambiguity so that the SD ambiguity is non-integral in PPP processing. To recover the integer property of the SD PPP ambiguity, the FCB usually is estimated and used [14] . Besides the estimation method of FCB, other methods also were proposed [12, 13, 26, 27] . Generally, the IFC ambiguity is obtained by estimating the WL and NL ambiguities. The SD phase ionosphere-free combination (IFC) for a user is also written as:
where f 1 and f 2 are the frequencies of L1 and L2 observations; N k,i n,u and N k,i w,u are SD NL and WL integer ambiguities at user u and their corresponding wavelengths are n and w. b k,i n and b k,i w are SD NL and WL satellite FCB; and c is the light speed. Equation (2) shows that the SD PPP ambiguity still has no integer property and there are satellite biases. When a high-quality SD real-value IFC ambiguity is introduced, the SD IFC FCB can be removed and Equation (2) can be rewritten as:
where the term N
r is the SD real-value IFC ambiguity from reference station or other user; ∆∇N n and ∆∇N w are DD NL and WL integer ambiguities. Equation (3) shows that the FCB is removed and a DD ambiguity is generated after a SD IFC real-value ambiguity from a reference station or other user was introduced during PPP processing. It also indicates that this DD ambiguity has a strict integer feature and it is generated from the two SD IFC real-value ambiguities. Its AR could be obtained by fixing the DD WL and NL integer ambiguities.
DD AR
Usually, the float DD ambiguity is estimated and the DD AR is fixed using the DD observations between the two observation stations. When the IFC is used, the DD AR is obtained by fixing the NL and WL AR. The SD WL ambiguity also is non-integral, since it absorbs the SD WL FCB. The SD real-value WL ambiguity could be written as:
where b w k,i is SD WL satellite FCB. Equation (4) shows that the SD WL FCB is removed and a DD WL ambiguity is generated, when a high-quality SD WL ambiguity from reference station or other user is introduced. It could be written as:
where ∆∇N w is DD WL integer ambiguity. Equation (5) shows that the new generated WL ambiguity is actually a DD WL integer ambiguity formed with an SD WL ambiguities of a user and reference station or another user and has a good integer property. Its fixing decision for a real-value ambiguity is made by assessing its precision and closeness to an integer [28] . After the DD WL AR is obtained, the DD observation-based NL AR could be written as fowling:
According to Equation (6), the float DD NL ambiguities can be computed and their integer values can be fixed based on LAMBDA method [29] [30] [31] . The ambiguity fixing of the PPP user is realized by introducing an SD PPP ambiguity from other users and fixing the DD WL and NL AR.
PPP AR and Positioning
Once an SD WL and IFC ambiguities from a reference station or another user are introduced in an IFC observation and PPP computation, a new DD IFC ambiguity is generated. This new generated ambiguity is actually a difference between the ambiguities of the user and reference stations or other users and has strict integer features. The generated IFC ambiguity can be fixed by fixing the DD WL and NL AR. The generated AR can be obtained through DD observation between the user and reference stations or other users and the DD model-based algorithm. Then the rest of the parameters of position and zenith wet delay (ZWD) are resolved. The flowchart is shown in Figure 1 . When the selected and generated DD and PPP ambiguities between the reference station i and user are introduced, the IFC of the user can be reconstructed as the code observations and the linearized model is written as:
where A i is design matrices; X i is the position and ZWD parameters; y i is the reconstructed IFC observations; and ε i is the observation noise. For a global navigation satellite system (GNSS) network, multigroup DD ambiguities between the reference and user stations or the users are formed and generated. Thus, there are many DD ambiguities which can be selected and used for PPP AR of the user. In ambiguity fixing, the ratio test is a very popular validation test in practice [32, 33] . Considering the role and significance of ratio tests in ambiguity fixing, the ratio value based weight is used. The weight function is as follows:
where p i is the weight of the solutions using the ambiguity of reference station i and their ratio value is ratio i . To obtain the dependable and stable estimation, the multi-reference station or other users are used and the corresponding ambiguities are generated. When n stations are used, the final parameters are estimated with weighted mean:
where X is the final solutions of position and ZWD. Figure 1 . When the selected and generated DD and PPP ambiguities between the reference station i and user are introduced, the IFC of the user can be reconstructed as the code observations and the linearized model is written as:
where is design matrices; is the position and ZWD parameters; is the reconstructed IFC observations; and is the observation noise. For a global navigation satellite system (GNSS) network, multigroup DD ambiguities between the reference and user stations or the users are formed and generated. Thus, there are many DD ambiguities which can be selected and used for PPP AR of the user. In ambiguity fixing, the ratio test is a very popular validation test in practice [32, 33] . Considering the role and significance of ratio tests in ambiguity fixing, the ratio value based weight is used. The weight function is as follows:
where is the weight of the solutions using the ambiguity of reference station i and their ratio value is . To obtain the dependable and stable estimation, the multi-reference station or other users are used and the corresponding ambiguities are generated. When n stations are used, the final parameters are estimated with weighted mean:
where is the final solutions of position and ZWD. 
Data and Experiments
To test the presented method, two experiments were used. In the first experiment, ten days (11 to 20 August 2014) GPS data from eight stations in the Shanghai (CMMZ, SHJD, SHQP, LGXC, and SSJG) Continuous Operation Reference Station (CORS) network in Shanghai, Jiangsu (LYG1 and XZ01) and Anhui (HF01), China were used. The station SHJD was taken as a user station. Data sampling was 30 s and elevation cut-off angle was set to 9 degrees. The reference stations and user station are shown in Figure 2 . The average inter-station distance of local (red) reference stations was about 53.062 km, while that of regional (blue) reference stations was about 399.36 km. Figure 3 shows the twenty-four hour skyplot of visible GPS satellites observed from Shanghai on 20 August 2014. Figure 3 indicates that there were enough observations to implement the PPP processing and validate 
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The second experiment was used to show the application of the presented method in the displacement monitoring of the reference station. The advantage of PPP computation is that the position with respect to a global reference frame is obtained and the estimated position cannot be affected by the shift of the localized infrastructure. This feature also shows that the displacement monitoring of the observation station can be realized based on its own observation. To evaluate the performance of the integration of the DD integer ambiguity resolution into PPP computation and analyze the potential advantage of the presented method, the second experiment was carried out on 12 August 2014. In this experiment, two GNSS receivers were used and the 12-h data was collected. The difference between the first 6-h and second 6-h observations was that the relative position of the two receivers remained unchanged, although the two receivers were moved. The inter-station distance was about 300 m. Data sampling was 30 s.
In both experiments, the final International GNSS Service (IGS) [35, 36] products of the satellite clock and orbit were used. The elevation-dependent function was used:
where θ j is the satellite elevation at epoch j. The corrections for the Earth rotation, Earth tides, relativistic effects, phase center variation (PCV), and differential code bias (DCB) are implemented [37] . The tropospheric delay was corrected using the Saastamoinen model and the rest wet part was estimated by setting up a piece wise constant (PWC) at an interval of 1 h. The settings for the PPP processing are shown in Table 1 . 
Discussion
In this section, the PPP solutions estimated with different strategies are analyzed first. After that, the results of the different methods in the displacement monitoring are used to validate the advantage of the presented method.
PPP Solutions
The PPP computation is implemented according to the strategies #1, #2, and #3. The ten days (11 to 20 August 2014) PPP results of strategies #1, #2 and #3 for 1-h sessions with respect to the ground truth coordinates for three coordinate components of north, east, and up are computed and illustrated in Figure 4 . The ground truth coordinates were obtained using GAMIT software and the IGS station of SHAO is fixed in processing. From Figure 4 , it is observed that obvious improvement was obtained when the strategies #2 and #3 were used. These results demonstrate the PPP ambiguity fixing was beneficial for improving the accuracy of the PPP positioning. The results using local reference stations estimated with the three strategies of the first 1-h session are illustrated in Figure 5 . Figure 5 shows that the convergence times of strategies #2 and #3 were slightly better than that of strategy #1. The mean convergence times for different strategies and sessions were analyzed. The mean convergence times of strategies #1, #2, and #3 are 13, 10, and 10 min, respectively. The convergence time results also verify that the presented method is effective. Figure 6 . Figure 6 indicates that the accuracy of the PPP result improves with the ratio Figure 6 . Figure 6 indicates that the accuracy of the PPP result improves with the ratio Figure 6 . Figure 6 indicates that the accuracy of the PPP result improves with the ratio values of the selected DD ambiguity processing. This validates that the PPP results are related to the quality of the selected and used ambiguities of other users or stations and also advises that the high-quality should be selected to realize PPP ambiguity fixing and improve the PPP results, when the presented methods are used. Tables 2 and 3. From Tables 2 and 3 , it can be seen that improvements were achieved in all three coordinate components when the presented strategies were used. The results of the local reference in Table 2 show that the mean relative improvements were about 20%, 18%, and 15% for north, east, and up components, when the data was processed with strategy #2. When the ratio test and the ratio value based weight were used, the improvements of the local reference were obvious and the improvements reached 28%, 30%, and 25% for the north, east, and up components. The improvements further validate that the presented strategy benefits the improvement of the PPP computation accuracy. Comparing the results of the local and regional reference stations, their improvements were almost equal. This demonstrates that the PPP performances are not affected by the distance between the user and the used reference station. In order to validate the presented methods and analyze the solutions, the baseline solutions between the user and reference stations are computed using the PPP estimations. The baseline solution RMSs with respect to the truth coordinates estimated with DD observation are computed for three coordinate components of north, east, and up and shown in Tables 4 and 5 . The results show that the accuracy of the baseline solutions can be improved, when the PPP ambiguity fixing is Tables 2 and 3. From Tables 2 and 3 , it can be seen that improvements were achieved in all three coordinate components when the presented strategies were used. The results of the local reference in Table 2 show that the mean relative improvements were about 20%, 18%, and 15% for north, east, and up components, when the data was processed with strategy #2. When the ratio test and the ratio value based weight were used, the improvements of the local reference were obvious and the improvements reached 28%, 30%, and 25% for the north, east, and up components. The improvements further validate that the presented strategy benefits the improvement of the PPP computation accuracy. Comparing the results of the local and regional reference stations, their improvements were almost equal. This demonstrates that the PPP performances are not affected by the distance between the user and the used reference station. Table 3 . PPP solution RMS (cm) of the three strategies using data from the regional reference stations. In order to validate the presented methods and analyze the solutions, the baseline solutions between the user and reference stations are computed using the PPP estimations. The baseline solution RMSs with respect to the truth coordinates estimated with DD observation are computed for three coordinate components of north, east, and up and shown in Tables 4 and 5 . The results show that the accuracy of the baseline solutions can be improved, when the PPP ambiguity fixing is considered. The mean relative improvements are about 6%, 6%, and 11% for the north, east, and up components. The baseline solutions also indicate that improvements can be obtained when the ratio value based weight is used. The results of local and regional reference stations show that the baseline solutions generated from PPP results are not subject to the distance between the user and reference stations. Comparing the baseline solutions generated from the PPP solutions and the DD model based method, it is noticed that there is the difference between the two sets of baseline solutions. The difference can be explained that there are residual space-correlation errors, such as the ionospheric delay, which affects the PPP solutions and this effect cannot be removed by the coordinate-differenced algorithm. The correlation coefficient is used to validate this explanation. The correlation coefficients of the residuals from different stations for PPP computation are computed as:
where Cov res i , res j is the covariance of the residuals for the PPP computation from two stations of i and j; Var(res i ) is variance of the PPP residuals from the station i and Var res j is the variance of the PPP residuals from the station j. The residuals of the phase observations form the user station of SHJD and the reference stations of CMMZ and LGXC for the PPP computation are shown in Figure 7 . Figure 7 show that the residuals from the three stations have the similar trends. The similar trends demonstrate that there are some space-correlation errors, which cannot be modeled and affect the PPP accuracy. The mean value of the correlation coefficients is bigger than 0.3 and the values can validate the above interpretation. To further improve the accuracy of the PPP computation and obtain the equivalent results of DD model, these un-modeled errors should be considered and corrected. But, this is beyond our scope in this study. 
Application in Displacement Monitoring of the Reference Station
The 12-h data of the second experiment is processed with PPP computation, in which the ambiguity is fixed using the presented strategy. It also is processed with DD algorithm. The results for the baseline components estimated with the DD algorithm for north, east, and up directions are shown in Figure 8 . The 12 1-h PPP estimations of the two receivers for north, east, and up directions are shown in Figure 9 . From the estimated results, it can be obtained that the baseline solutions of the DD algorithm and the coordinate difference of the two receivers estimated with PPP estimations are nearly equal. But the displacements of the two receivers are noticed using the PPP computation. The results of Figures 8 and 9 can verify this. Figure 9 shows that there are obvious displacements for north, east, and up directions comparing the results of 1-6 sessions with that of 7-12. However, the results in Figure 8 for the baseline components estimated with the DD algorithm just is the coordinate difference and the movement of the two receivers cannot be detected due to their synchronous displacement. This experiment verifies that the performance of the presented method is better than the DD model in displacement monitoring, although it uses the advantage of the DD algorithm. The presented method not only improves PPP accuracy but also can be used to monitor the displacement of the observation station with itself observations. The improvements of the presented PPP positioning can promote the detecting ability. Combined with the results of the baseline solutions of the first experiment, it is seen that the baseline solutions just are the coordinate difference and can be used to monitor the relative displacement of the two observation stations, although the accuracy of the DD model based relative positioning is slightly better than that of the PPP estimation computed with the presented strategy. It is clear that the DD algorithm based relative positioning solutions are not appropriate for monitoring the absolute displacement, since they are easily affected by the movements of any one of the used receivers in DD algorithm. 
Conclusions
To improve the accuracy of the PPP computation and take better advantage of the role of the PPP computation, a new method is presented. The present strategy uses the advantages of the PPP computation and the DD model based algorithm. The selection of the undifferenced ambiguity is based on the ratio test of the DD ambiguity and the ratio values based weight is used in the presented method. In processing, the selection of the SD IFC and WL ambiguities is based on the performance of the DD ambiguity so that the quality of the selected SD IFC and WL ambiguities is ensured and they can be used in PPP computation to improve the performance of the PPP ambiguity. Comparing with the traditional PPP computation, the accuracy of the new method based PPP is improved. In order to validate the presented method, two experiments and the corresponding processing are implemented. The results show that the improvements are achieved in all three coordinate components when the presented strategy is used. The 1-h, 2-h, and 4-h PPP solutions indicate that the mean improvements are about 0.36, 0.45, and 0.40 cm for north, east, and up components, when the presented method is used. The results also show that the prominent improvements of 29%, 31%, 
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